JOURNAL OF

GEOMETRY anp
PHYSICS

ELSEVIER Journal of Geometry and Physics 24 (1997) 46-52

Linearization of some Poisson—Lie tensor

V. Chloup-Arnould !
Universite de Metz, Departement de Mathematiques, lle Du Saulcy, F-57045 Metz Cedex, France

Received 2 December 1996

Abstract

In this paper we give some example of linear, linearizable and non-linearizable Poisson-Lie
structures. We show that any Poisson-Lie tensor P on a Lie group G such that g* is reductive
is analytically linearizable, this property being not always satisfied by a general Poisson tensor.
We also give examples of linearizable and non-linearizable exact Poisson—Lie structures on some
nilpotent Lie groups.

Subj. Class.: Differential geometry
1991 MSC: 22E15, 53C15
Keywords: Formal linearization; Analytic linearization; Poisson tensor; Poisson-Lie group

1. Introduction

Let M be a smooth manifold and P be a Poisson tensor on M: P is a skewsymmetric
contravariant 2-tensor field satisfying [ P, P] = O where [ , ]denotes the Schouten bracket
which is the natural extension to skewsymmetric contravariant tensor fields of the bracket
of vector fields. Assume that P(x) = 0 and denote by {x!, ..., x") some local coordinates
in a neighbourhood of x. Then {(C,) = 8 P/ /3x*|x} defines the structure constants of a Lie
algebra § called the linear approximation [8] of the structure P at the point x.

We may ask whether a given Poisson structure in a neighbourhood of a point where it
vanishes is isomorphic to its linear approximation at that point. If so, we shall say that the
Poisson structure is linearizable.

The first result in this direction is due to V. Arnold who showed that any Poisson struc-
ture such that its linear approximation is the non-trivial two-dimensional Lie algebra, is
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linearizable. Weinstein [8] showed that a Poisson structure such that its linear approxi-
mation is semisimple, is formally linearizable. Conn [2] proved that if furthermore the
Poisson structure is analytic, it is analytically linearizable. Dufour [4] showed that the
semisimplicity is not necessary. Molinier [6] showed that any Poisson structure such that
its linear approximation is a direct sum of a semisimple ideal and of R, is analytically
linearizable.

We are interested in this paper in the linearizability of some particular Poisson tensors
vanishing at a point: the Poisson—Lie tensors on a Lie group G. One says that a Poisson
tensor P on G is a Poisson—Lie tensor if it is multiplicative, i.e. if

P(xy) = Ly« P(¥) + Ry P(x).

where L, (resp. R,) denotes the left (resp. right) translation by x in G. Such a tensor clearly
vanishes at e, the neutral element of G. A group G endowed with such a P is called a
Poisson—Lie group (G, P).

Let us recall Drinfeld’s results [3]: When G is connected and simply connected, there is
a bijection between the Poisson-Lie structures on G and the bialgebra structures on the Lie
algebra g of G. A bialgebra structure on a Lie algebra g is given by amap p:q — Ag
which is a coboundary (i.e. p([X,Y]) =ad X(p(Y)) —ad Y (p(X)) VX, Y € g, where ad
is the adjoint representation extended to A”q) and which is such that the dual map defines a
Lie algebra structure on the dual space g*. We denote this bialgebra structure on g by (g. p)
or (q. a*). Recall that (g, ¢*) is a Lie bialgebra if and only if (g, ¢*) is a Lie bialgebra.

Explicitly, the correspondence runs as follows: if P is a Poisson-Lie tensoron G, p:q —
Azg is defined by the Lie derivative of P at e: p(X) = (¥ 3 P)(e) where X is any vector
field dual to p, is the linear approximation of P ate.

On the other hand we have:

Lemma 1.1. The Poisson structure on G is obtained fron the Lie bialgebra structure p on
a by

eadX

1
p(X) VXea

P(expX) = Rexpx, ————
(expX) exp X« ad X

Hence, a Poisson-Lie structure on a connected and simply connected Lie group G is
determined by its linear approximation ) = g*. We study the linearizability of such Poisson-
Lie structures (linearizability will be in a neighbourhood of the neutral element of G).

In Section 2, we show that any Poisson-Lie tensor on a connected and simply connected
Lie group G such that the linear approximation ¢* is reductive, is analytically linearizable.
We give an example of a non-linearizable Poisson structure on R” whose linear approxima-
tion is reductive. We also give some more general results on Poisson—Lie structures whose
linear approximation are a direct sum with a semisimple factor, and some more general
remarks on Poisson structures whose linear approximations are a semi-direct sum with a
semisimple factor.

In Section 3, we give examples of linearizable and non-linearizable exact Poisson-Lie
structures on some nilpotent Lie groups. Recall that a Poisson—Lie structure P on G is said
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to be exact if
P(x)=LysQ — RuxQ (x €G),

where Q in a skewsymmetric 2-tensor on the Lie algebra g. The condition that P is a Poisson
tensor is equivalent to the requirement that [Q, Q] € Ad(g)inv.
The results presented here were part of author’s Ph.D. Thesis [1].

2. Poisson-Lie tensor in the reductive case

Let G be a Lie group and g be the associated Lie algebra.

We are going to study the Poisson-Lie tensors on G which induce on g* a structure of
reductive Lie algebra, i.e. ¢* = g1 @ I is a direct sum with g; a semisimple ideal and i an
abelian ideal.

Thus we study the Lie bialgebras (g, g*) for such a g*, or equivalently, the Lie bialgebra
(g*, g). We shall denote by ¢ the corresponding cocycle on g*; itis defined by g : g* — Alg*
with {g(n), X AY) = {n, [X, Y]). To determine such a q, we observe that its restriction to
g1 gives a cocycle on a semisimple algebra, hence a 1-coboundary. We also have:

Lemma 2.1. If q| is a semisimple Lie algebra, then (A%q))™ 8! = Q.
From these observations, we easily get:

Proposition 2.2. Consider a Lie algebra g* such that ¢* = g1 ® R is the direct sum with
a1 a semisimple ideal. Then any 1-cocycle q on g* can be written as

g9(X,a)=[(X,a), Q1 +q(a) VXegqg Vaech,

where Q € A2(g1 GR)andg: R —> A2(g1 @ NR) is a Chevalley I-cocycle on R with values
in A%(g; @ R)yvor,

Denoting by §'! the part of § in A%g1, G'% the part of § in 1 ® R and G2 the part of §
in AR, we obtain:
_ qll =0,
_ 612 =0,
- G2 R —> A2(R)isa I-cocycle.

Corollary 2.3. Consider a Lie bialgebra structure (g, g*) such that g* = g1 @ R is the
direct sum with §1 a semisimple ideal. Write g = t ® ® (direct sum of vector spaces) where
t={U e€qgl{U,a) =0VaeRland® = {s € gl{s, X) =0VX € gq1}. Thentand & are
Lie subalgebras of g.

Theorem 2.4. Let G be a Lie group with Lie algebra g. Then any Poisson—Lie tensor on G
which induces on g* a structure of reductive Lie algebra, i.e. a* = q) @ R is the direct sum
where q| a semisimple ideal and R an abelian ideal, is analytically linearizable.
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Proof. We use the same notations as in Corollary 2.3. Writting that p* is a Lie bracket on
a*, p="1 . lyen weget

(p(U,s), (X, a) A (Y, b)) = (U, [X,Y])
Uetl, se®, X, Yeq. abe.

So p(f) C A%t and p(®) = {0}.

Since we consider a Poisson—Lie tensor P, it is multiplicative, so P(xy) = L. P(y) +
Ry P(x).

Locally in a neighbourhood of ¢ in G, any g € G can be written g = exp Uexps with
U etands € &. Thus

adU __
P(g) = P(expUexps) = Rexps*Repr* WP(U).
If{Uy, -, Uy}isabaseof tandif (s, - - -, 5.} is abase of (8, the local coordinates on G will
be given by (x!, ... x" x"tl ... x"t)if g = exp(zlgisn XU exp(zlfisr X",
Since f is a Lie subalgebra of g (see Corollary 2.3), we have in these local coordinates:
]

9
P(g) = P(expUexps) = PV — NS
(&) (exp ps) Z axllexPUexPs ax”‘f"PUe"PS

I<i.j<n

and P¥ depends on x* fork = 1,---, n.

Wedefine P' =3\ i, Pi3/3x" A3/3x aPoisson tensor on R". We have P’(0) = 0

and C,'(j = 3PY /3x¥|0 are the structure constants of the Lie algebra g; which is semisimple.

From the theorem of linearization of Conn [2] in the analytic case, P’ is linearizable by an

analytic change in the variables (x‘, .-+, x™). Hence, by the same change in (x Lo xm
and the identity on (x"*!, ... x"*7), P is linearized.

Remark 2.5. We are going to see that the result does not always hold for general Poisson
tensors (hence, the stress on the Poisson—Lie condition in Theorem 2.4).

Let P be a Poisson structure on a manifold M, which vanishes at a point y € M and such
that b, its linear approximation at x, is reductive, i.e. = g1 & ! with g; semisimple and )
abelian, with dim ™ > 2. The case where dim X = 1, i.e. ® = R, is known [6] and in that
case P is analytically linearizable.

We consider P, a Poisson tensor on R**" (where n = dimq) and r = dim %, r > 2),
vanishing at 0 and such that the linear structure is g; @ ™, given by

Pij(x)= Z C;;jxk_'_Bl'j’

I1<k<n

where the C,'(J are the structure constants of § = q; @ N in the basis )ey, - - -, e, ( where
e, €qiVi <nande € ®Yj > n,; and where BY are the non-linear terms of P'/, and we
assume that B = 0 fori or j < n.



50 V. Chloup-Arnould/ Journal of Geometry and Physics 24 (1997) 46-52

Then if B is not zero, the maximal dimension of the symplectic leaves for the linear
structure is different from the maximal dimension of the symplectic leaves for P, so P is
not linearizable.

Theorem 2.6. Let G be a Lie group with Lie algebra g. Any Poisson—Lie tensor P on G
such that g*, the dual of g, is written ¢* = g1 ® R the direct sum where g is a semisimple
ideal of dimension n and R is an ideal of dimension r is linearizable if and only if the
induced Poisson structure on the group corresponding to & = {s € g|{X,s) =0VX € g}
(which is a Lie subalgebra) is linearizable.

Furthermore, one can seperate the variables, i.e. find local coordinates (x', - - -
and write P = L & T where L is a linear Poisson tensor corresponding to the structure
constants of the Lie algebra g1, L = lei‘j‘ky C,’(jxka/axi A 3/3x7, and where

, xn+r)

i d a
T = Z sz(xn+1’_."xn+r);/\ﬁ'
n+1<i,j<n+r * *

The proof is analogous to the proof of Theorem 2.4.

Remark 2.7. This result does not always hold for general Poisson structures.

Using the fact that H2(g11><9t, p, V)= Hg2| _equivmam(f}{, 02, V) which is a particular
case of the theorem of Hochschild and Serre [S] (where § = g;><M denotes the semi-direct
sum of a semisimple Lie algebra g and of an ideal i), we get:

Let A be a Poisson structure on a manifold M, vanishing at a point x and such that the
associated linear structure at x is written ) = g;p<M, the semi-direct sum of a semisimple
Lie algebra of dimension n and of an ideal of dimension r.

Then there exist formal coordinates (x1 e xm x x"*7) in a neighbourhood of

X such that:

{xi,xj}z Z C,';jx" foriand j <n,

1<k<n
{xi,xj}z Z C;(jxk fori e {l,---,n}
n+l<k<n+r
and je{n+1,---,n+r},
oxly = Y lxf e BUG!  xm xT
n+l<k<n+r

foriand je{n+1,---.n+4r},

where the C ,ij are the structure constants of the Lie algebra g><.
This result can be found in [7].
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3. Exact Poisson—Lie structures in the nilpotent case

In this section we study the linearizability of some Poisson—Lie structures on a given Lie
group G. The stress, here is on G and not on g*.

Consider an exact Poisson-Lie structure on a Lie group G, itis given by P, = L. Q —
R« Q (x € G), where Q is skewsymmetric 2-tensor on the Lie algebra q such that[Q. Q] €
A 3 (g)inv'

Lemma 3.1. Denote by (X1, ---. X,} a basis of g and by {x', - - x"} the local coordo-
nates in the logarithmic chart. An exact Poisson—Lie tensor P on the Lie group G is a formal
series composed with monomials in {x', - - -, x"} of odd degree and is given by:

o 3

PexpX) = k sk ad X X)) A ——

eox= T 0" 3 3 {eteax A g
l<k.<n I<i<nl<j<n

1 , 3 9
— @ X X5 @d> X X)) — A — + -
+12( a D dx! 8xf+

Assume now that G is nilpotent, then P is polynomial.
Recall the following definition:

Definition 3.1. Let q be a nilpotent Lie algebra. Define a't! = [qf, q] with the convention
that go = q. Then g is a m-step nilpotent algebra if g™ = 0.

One can easily see that:
Proposition 3.2. Any exact Poisson—Lie tensor on a two-step nilpotent Lie group is linear.

Proposition 3.3. Any exact Poisson-Lie tensor on a three-step nilpotent Lie group of di-
mension less or equal to 6 is linearizable.

Proof. P is composed of its linear part and polynomials in {x', ---, x®} of degree 3. The
idea is to eliminate the polynomials of degree 3 by a change of coordinates of the form:
vl = x" 4 fi(x) where f' is a homogeneous polynomial of degree 3. We determine the f*
solutions of

. Pk ofi 8Pilj afi
P(’3j)(x)+ Z ( lxl_f__ mh 19T

axt = oxk axl = axk
l<k./<n

o nif
-3 a—(i—’fk(x)zo Vi, j (1)
X

| <k=<n

For each of the three-step nilpotent Lie group of dimension less or equal to 6, we find
solutions of these equations. 0



52 V. Chloup-Arnould/Journal of Geometry and Physics 24 (1997) 46-52

Remark 3.4. We show now that there exist exact Poisson—Lie tensors on a four-step nilpo-
tent Lie group (of dimension 5) which are not linearizable.

Consider the algebra g = Ls =)X|, X2, X3, X4, X5{ where the non-zero brackets are
given by:

[X1, X2] = X3; [X1, X3] = X4; [X1, X4] = Xs.

This is a four-step nilpotent Lie algebra of dimension 5.
First, we study the condition [Q, Q] ad-invariant:

[X,[0.0]]=0VXecq l

Then consider the particular case where:

(1) 0= 0%X,AX3,ie QU = 0except 023. Then [Q, Q] = 0 but P is not linearizable.
(Eq. (1), in this case, has no solution).

(2) 0% =0. Then P is linearizable.
(A solution of Eq. (1) is given by f! = 2= f3 = f*=0and f5 = —5(x1H2x3).

Hence, we get:

Proposition 3.5. On the connected and simply connected Lie group of Lie algebra Ly, there
exist some exact Poisson—Lie structures (G, P) where P is givenby P(x) = L+« Q — RxsQ
such that

- [Q, Q1 =0 and P is linearizable,

— [Q, Q1 =0 and P is non linearizable,

— [Q, Q] is ad-invariant and P is linearizable.
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